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Abstract. We consider systems of semilinear wave equations in three 

■ space dimensions with quadratic nonlinear terms not satisfying the null 
condition. We prove small data global existence of the classical solution 

■ under a new structural condition related to the weak null condition. For 
two-component systems satisfying this condition, we also observe a new 
kind of asymptotic behavior: Only one component is dissipated and the 

| other one behaves like a free solution in the large time. 

o : 

t-h ; 

r— i! 1. Introduction 

Ph . 

This paper is concerned with global existence and large time behavior of 
classical solutions to the Cauchy problem for systems of semilinear wave equa- 
tions of the following type: 

Uu = F(du) for (t, x) G (0, oo) x IR 3 , (1.1) 

^ ! u{0,x) = ef(x), (d t u)(0,x) = eg{x) for x G K 3 , (1.2) 

\ where u = (ui, . . . , u N ) T is an M^-valued unknown function of (t, x) G [0, oo) x 

R3, □ = d 2 - A x = d 2 - ELi^fc' and du = (dou,d lU ,d 2 u,d 3 u) with the 
S ' notation 

. ' d d 

\6'. d = d t = —, d k = —— , k = 1, 2, 3. 

O ■ at dx k 

Here B T stands for the transpose of a matrix (or vector) B. For simplic- 
ity, we suppose that /, g G C^°(R 3 ; M. N ), and that the nonlinear term F = 
(Fi, . . . , Fn) t has the form 



X 



N 3 



F^du) =J2J2 cf a \d a u k ){d h ui), j = l,...,N (1.3) 



k,l=l a,b=0 
kl,ab 



with some constants c ■ ' a G R. e is a parameter which will be always assumed 
to be sufficiently small. 

Let us briefly review known results concerning the global existence and the 
asymptotic behavior. In general, it is known that the solution to the Cauchy 
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problem (11. ip — (11. 2D blows up in finite time no matter how small e is; for ex- 
ample, if N = 1 and F(du) = (dtu) 2 , then the solution u blows up in finite 
time for any e > unless (/, g) = (0,0) in (II. 2p (see John [9J). Therefore, we 
need some restriction on the nonlinearity to obtain global solutions even for 
small data. We say that we have small data global existence for the problem 
(jl.lD — (jl.2p if for any f,g G C^°(M 3 ), there is a positive constant e such that 
the Cauchy problem (jl.ip — (jl.2B admits a global solution for any e G (0, e ]- 
Klainerman [IB] introduced a sufficient condition for small data global exis- 
tence, known as the null condition (see also Christodoulou [3]): We say that 
the null condition is satisfied if we have 

F* ed (u,Y) = 0, U = Kw 2l w 3 )6§ 2 , Y = (Y U ...,Y N ) T eR N , (1.4) 

where the reduced nonlinearity F Ted (u, Y) = (Ff^^cj, Y), . . . , F]^ d (cj, Y)} T is 
defined by 

N 3 

F* ed (u, Y) := F^uoY, ^Y, u 2 Y, u 3 Y) = Yl ^ '"W^*/ (1.5) 

k,l=l a,b=0 

for u = (uj h u) 2 ,u) 3 ) G § 2 and Y = {Y 1: . . . ,Y N ) T G with u = -1. Here 
the constants cf' ab are from (11. 3p . In [3] and [IB] , it was proved that the null 
condition implies small data global existence. It is also easy to see that this 
global solution u for small e is asymptotically free, that is to say that there is 
(/+,£+) G H^M 3 ;^) x L 2 (M 3 ; R N ) such that we have 

lim \\u(t) -u + (t)\\ E = 

t— >oo 

for the solution u + to the free wave equation Du + = with initial data 
(u + ,d t u + )(0) = (f + ,g + ). Here and in the sequel, || • \\e is the energy norm 
defined by 

U(t)\\E=(l I {\d t <P(t,x)\ 2 + \V x <P(t^)\ 2 )dx 

and i^ 1 (M 3 ) denotes the completion of C^°(1R 3 ) with respect to the norm given 
by ||0|lifi — ||V x 0||l2. Introducing the null forms 

Q (<f>,il>) := WMij) - (V,0) • (V^), (1-6) 
Qati^tP) := {d a (j>){d b ^) - {d h ^){d a ^), a,b G {0,1,2,3}, (1.7) 

we see that the nonlinearity F of the form (II. 3p satisfies the null condition if 
and only if each component Fj can be written as a linear combination of the null 
forms Qo(uk, Ui) and Q a b(uk, ui) with k, I G {1, . . . , N} and a, b G {0, . . . , 3}. 

In connection with the Einstein equation that can be expressed in wave co- 
ordinates as a system of quasilinear wave equations, Lindblad-Rodnianski [22] 
introduced the notion of the weak null condition, and proved the small data 
global existence for the Einstein equation in wave coordinates (see [23J and 
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J). The small data global existence is also obtained for a closely related 
equation 

3 

n u = 9 ab u(d a d b u), (t, x) G [0, oo) x R 3 

a,b=0 

with constants g ab G R, which satisfies the weak null condition, but violates 
the null condition (see Alinhac pQ, and Lindblad [20], [2]). These successful 
examples suggest that the weak null condition implies the small data global 
existence in general; however this is still an open problem even for semilinear 
systems. 

Before we proceed to further discussion, we give the definition of the weak 
null condition for the semilinear case here: We say that the weak null condition 
is satisfied if the reduced system 

d t V(t;a,co) = -^-F red (w, 1/(t; a, w)), t > 1, a G R, u G § 2 (1.8) 

admits a global solution V with at most polynomial growth of small power 
in t for small data given at t = 1, where (11.81) is obtained as an asymptotic 
equation for V(t; a, oj) = (d r — d t ) (ru(t, ru)) /2 with a = r — t (see (14. 5 p and 
(15.19P below; see also Hormander [8]). The null condition (II. 4p immediately 
implies the weak null condition. It is not easy to check whether or not the 
weak null condition is satisfied in general, because it depends on the global 
behavior of the reduced system (II. 8p . 

In connection with the weak null condition, Alinhac j2] considered systems 
of semilinear wave equations and introduced an algebraic condition to ensure 
the small data global existence. His condition is stronger than the weak null 
condition, but still weaker than the null condition. His condition was slightly 
extended, and the asymptotic behavior of global solutions under this extended 
condition was studied in Katayama [10] (see also Katayama-Kubo p2]). Quite 
roughly speaking, the (extended) Alinhac condition says that the reduced sys- 
tem, through some change of unknowns, can be expressed as 

, N N 

V y^C kl (u)V k V h 1 < j < M, 

d t Vi=l It ^ ^ v ' ' ~ J ~ ' 1.9 

1 J j k=M+l 1=1 v ' 

[o, M + l<j<N 

with smooth coefficients Cki(co) and M G N. If the reduced system is of the 
form (II. 9p . then we can easily check that the weak null condition is satisfied; 
however the null condition is violated unless all the coefficients Ckiioj) van- 
ish identically. Here we give three typical examples satisfying the (extended) 
Alinhac condition (and thus the weak null condition), but violating the null 
condition, and their asymptotic behavior (see [10] for details): The first exam- 
ple is 

Uu x = (9 t w 2 )(9 t wi) + (null forms), ( ^ ^ 

□«2 = (null forms). 
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The second example is 

□«i = (d t u 2 ) 2 + (null forms), ^ 
□m 2 = (null forms). 

We can choose / and g in (11.21) such that we have > Ce(l + t) Ce for 

ffTTTOl . and ||u(*)||b > Ce (1 + elog(2 + t)) for (jTTTj) . with a positive constant 
C. In both cases, the energy grows up to infinity, and the global solution u is 
not asymptotically free for such data. The third example is 

□tti = — (d t u 3 )(d t U2) + (null forms), 
□it 2 = {d t u 3 )(d t ui) + (null forms), (1-12) 
□«3 = (null forms). 

For this example, we can see that C~ l e < \\u{t)\\ E < Ce for some positive 
constant C unless (/, g) = (0,0); nonetheless, for appropriately chosen / and 
g, we can show that the global solution u is not asymptotically free. 

Our aim in this paper is to obtain another kind of algebraic condition which 
implies the small data global existence (and the weak null condition). We will 
also show that, under this condition, we have the asymptotic behavior that is 
quite different from the known cases. 



2. The main results 

In what follows, we assume the following condition on the nonlinearity: 

(H) There is an N x iV-matrix valued continuous function A = A{u) on § 2 
such that A(u) is a positive-definite symmetric matrix for each u6§ 2 , 
and that 

Y T A(u)F rcd (co, Y) = 0, ue§ 2 , Y e R N . 

Concerning the global existence, our main result is the following: 

Theorem 2.1 (Global existence). Suppose that the condition (H) is satisfied. 
Then, for any f,g G C^{R 3 ; R N ), there exists e > such that (TO) -(Oil 
admits a unique global C°° -solution u for (t,x) G [0, oo) xl 3 if e <E (0,e ]- 

Since the local existence of the solution is well known, what we have to do for 
the proof of Theorem 12.11 is to get a suitable a priori estimate for the solution 
to fll.ip - fll.2p . This will be carried out in Section [5] after some preliminaries in 
Sections [3] and HI 

Under the condition (H), there is a positive constant M such that 

Mq 1 \Y\ 2 < Y t A(uj)Y < M \Y\ 2 , wG§ 2 . (2.1) 

Indeed, if we denote the eigenvalues of A(co) by \i(co), . . . , \n(u) with each 
eigenvalue being counted up to its algebraic multiplicity, then we have 

min \Aou)\Y\ 2 < Y T A(co)Y < max \Jcj)\Y\ 2 , 
i<i<JV J i<j<N J 
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which leads to ( 12. ip because we may assume is positive and continuous 

in u 6 § 2 . Since (11. 8p and (H) implies 

d t (V T A(oo)V) = -jV T A(u)F reA (uj, V) = 0, 

we have an a priori bound for \V\ in view of (12. ip . Hence the condition (H) 
implies the weak null condition. If the null condition is satisfied, then the 
condition (H) is trivially satisfied with A{u) = 1^, where In is the identity 
N x iV-matrix. To sum up, the condition (H) is stronger than the weak null 
condition, and weaker than the null condition. 

There is no inclusion between the condition (H) and the (extended) Alinhac 
condition, though both of them are satisfied for (11.121) : the examples (11.101) 
and (II. lip satisfy the Alinhac condition but not the condition (H); the next 
examples satisfy the condition (H) but not the Alinhac condition. 

Example 2.1. Let N = 2 and 

3 

F^du) = -c ^ c ab(d a ui)(d b u 2 ) + N^du), 

3 a ' b=0 (2.2) 
F 2 (du) = CabidaU^idbUx) + N 2 (du), 

a,b=0 

where c is a positive constant and c ab are real constants, while iVj and N 2 are 
written as linear combinations of the null forms. If we put 

3 

c(cj) := c ab u a 0J b , cu = (ui,u 2 ,u 3 ) E S 2 with u = — 1, (2.3) 

a,b=0 

then we get Fl ed (u,Y) = -cqc^Y^ and F 2 red (w,F) = c{u)Y?. Hence we 
have 

Y T AF rcd {u, Y) = YiF^iou, Y) + c Y 2 F* ed (ou, Y) = 

with A = diag(l,c ), and we see that the condition (H) is satisfied. The null 
condition is not satisfied unless c(u) = 0. Due to the result in [10J, we can 
also see that the Alinhac condition is not satisfied unless c(u>) = 0, because 
the asymptotic behavior as seen in Theorem 12.21 below never happens under 
the Alinhac condition. 

Example 2.2. Let N = 2 and 

'F l (du) = -(d tUl ) 2 - A(d tUl )(d t u 2 ) - 3(d t u 2 ) 2 + (d lUl + d lU2 f 
F 2 (du) = 3(d tUl ) 2 + 4(d tUl )(d t u 2 ) + (d t u 2 ) 2 - (d lUl + d lU2 ) 2 . 

Then we can check that the condition (H) is satisfied with 

1 /3 - w? 1 - w? 



(2.4) 
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Indeed, 



[u>l - i)y, + (wf - 3)Y 2 \ 



H^) = W + i-,)^'_ u; j yi + (1 _ uW 

is perpendicular to A{uS)Y. Note that the eigenvalues of A(u) are 1 and 
(2 — u\), both of which are positive for all w6§ 2 . 

Remark 2.1. Let us consider fll.ip - (ll.2p with N = 2 and 

F x = -ci(d t u 1 )(d t u 2 ), 
F 2 = c 2 (d t u 1 ) 2 . 



(2.5) 



We have small data global existence if c\c 2 > because the condition (H) is 
satisfied for the case c\c 2 > 0, while the case c\c 2 = is trivial. On the other 
hand, if c\c 2 < 0, then there are /, g G C^°(1R 3 ) such that the solution u blows 
up in finite time no matter how small e is. Indeed, if we choose 0, ip G Cq° 1 
with ((p, ip) ^ (0,0), then the solution u = (ui,u 2 ) T with 

(fi,9i) = , (4>,^), (f2,g 2 ) = - — (</), ip) 

y—C\C 2 Ci 



can be written as u\ = w/ y/—cic 2 and u 2 = —w/c\, where w is the solution 
to Uw = (d t w) 2 with (w,d t w)(0) = (e<p,eip), which blows up in finite time by 
the result of John j9] . 

Now we give our main result for the asymptotic behavior of global solutions 
under the condition (H). In order to keep the description not too complicated, 
we consider only the case of (I2.2p here. The case of general two-component sys- 
tems satisfying (H) will be outlined in Section |HJ For simplicity of exposition, 
we put U {R 3 ) := H l {R 3 ) x L 2 (R 3 ) and 



Wo == ^ (IHlSri + WW ' (6V0eWo. 
Note that \\(tp(t),d t tp(t))\\ no = \\<p(t)\\ E . 

Theorem 2.2 (Asymptotic behavior). Let N = 2, and assume that F is of 
the form (12.21) with Cq > 0. Suppose that c(u) ^0 onS 2 , where c(u) is defined 
by Given f = {h,f 2 ) T ,g = ( gi ,g 2 ) T G C™(R 3 ;R 2 ), let e be sufficiently 

small, and u = (u\,u 2 ) T be the global solution for fll.ip - fll.2l) whose existence 
is guaranteed by Theorem \2.1[ Then we have 

lim ||«i(t)|U = 0, (2.6) 

t— >oo 

and there exists (f 2 ,g 2 ) G Ho(IR 3 ) such that 

lim \\u 2 (t)-ut(t)\\ E = 0, (2.7) 

t— >oa 

where = u^it, x) solves Du^ = with {u^, dtu^iff) = (f 2 ,g 2 )- Moreover 
we have 

II {ft, 9t)\\ Ho = e (c 1 || (A, 9l ) \\ 2 Hq + || (f 2 , g 2 ) ||JJ 1/2 + 0(e 2 ) (2.8) 
ase-> +0. 
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The proof of Theorem 12.21 will be given in Sections [6] and UJ Note that the 
null condition is violated in the assumption of Theorem 12.21 because we have 
assumed c(u) ^ 0. 

From ( 12. 8p . we see that (f^dt) (0)0) f° r small e, unless the Cauchy 
data for the original problem vanish identically. Therefore Theorem 12.21 tells 
us that only u\ is dissipated and u 2 behaves like a non-trivial free solution in 
the large time. As far as the authors know, there are no previous results on 
such decoupling in the context of nonlinear wave equations. 

Under the Alinhac condition, the global solution (at least for some data) 
behaves differently from the free solution in the large time unless the null 
condition is satisfied. In contrast, we may say that the global solution u under 
the assumption of Theorem [221 is asymptotically free by understanding ( 12. 6 p as 
||wi(t) — Ui(t)\\E = with uf = 0, which trivially satisfies Duf = 0; however, 
this case should be strictly distinguished from the situation under the null 
condition for the following reason. As we have stated in the introduction, if 
N = 2 and the null condition is satisfied (that is c(u) = for ( I2.2p ). then the 
solution u = (ui,u 2 ) T tends to u + = (m^,m^) t in the energy norm, where u + 
is the solution to Ou + = with some data £^w+)(0) = (fj~, gf). Moreover 
we can easily obtain 

\\{}^9t)-^9j)\\ H0 = O{e 2 ), j = 1,2 (2.9) 

as £ — > +0, which shows that the effect of the nonlinearity is rather weak. 
(12. 6p and (12. 8p make a sharp contrast to ( 12. 9p . and they are the consequence 
of the strong effect of the nonlinearity. 

Remark 2.2. Since the condition (H) is invariant under the change of variables 
(t, x) 1 — y (— t, —x), we can also treat the backward Cauchy problem. Hence the 
existence of global C°°-solution for (t, x) G R x M 3 under the condition (H) 
follows from Theorem 12. 1\ provided that e is small enough. Since the form 
(12. 2p is also invariant, we can apply Theorem 12.21 to obtain 

hm K(OIU = o 

t— >— 00 

and 

lim \\u 2 (t) - U2(t)\\ E = 

t— >— 00 

for the solution to Du^ = with some data (m^",^m^)(0) = (Z^,^) G 
Ho(IR 3 ), provided that the assumption of Theorem 12.21 is fulfilled. Hence u\ is 
dissipated not only forward but also backward in time. 

Remark 2.3. Here we mention some related topics: 

• Nonlinear Klein-Gordon systems in two space dimensions with nonlin- 
earity of type ( 12. 2 p was considered in Kawahara-Sunagawa [15] as an 
example violating the null condition for the Klein-Gordon systems (see 
E3) P3]> [15]) [2S], and references cited therein for the null condition 
for Klein- Gordon systems). 
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• A system of nonlinear Schrodinger equations related to (12. 5p was con- 
sidered in Hayashi-Li-Naumkin [5] and [6], where one needs some re- 
striction on the final state (see also [T8] , |13j). This might correspond 
to the situation in Theorem 12.21 which suggests that the final state has 
the special form. 

3. Commuting vector fields 

In this section, we recall basic properties of the vector fields associated with 
the wave equation. In what follows, we denote several positive constants by C 
which may vary from one line to another. For y G R d with a positive integer d, 
the notation (y) = (1 + lyl 2 ) 1 / 2 will be often used. Also we will use the following 
convention on implicit constants: The expression / = Y2\eA9* means that 
there exists a family {A\}\ £ \ of constants such that / = J2\eA A\g\. 

Let us introduce 



3 

S = td t + ^ x jdj, 

Lj = tdj + Xjd t , j G {1,2, 3}, 

tt jk = xjd k - x k dj, j, k G {1, 2, 3}, 
9 = (<9 a ) a= o,i,2,3 = {dt, d xi , d X2 , d X3 ), 

and we set 

r = (r , r 1; . . . , r 10 ) = (s, l 1; l 2 , l 3 , q 2 3, ^3i ; ^12, do, di, d 2 , d^). 

For a multi-index a = (a , «i, • • • , aio) 5 we write r a = TqT" 1 • • • T^ and 
\a\ — «o + a i + ' " " + a io- We define 

/ \ 1/2 / \ 1/2 

m,x)\ k = Yl i r >(^)i 2 > \w,-)\\k= E n r >(^-)iii 2 

y|a|<fc J \|a|<fc 

for a non- negative integer k and a smooth function <fi = (p(t,x). As is well 
known, these vector fields satisfy [□, S] = 2D and [□, Lj] = [□, Qj k ] = [□, d a ] = 
0, where [A, B] = AB — BA for linear operators A and B. From them it follows 
that 

□r a = r a n0, (3.1) 

where f a = (T + 2) ao T^ ■ ■ ■ r° 10 . We also note that 

10 3 
[T JJ T k ]=J^T h [T J ,d a ]=J^d b . 

1=0 b=0 

Hence we can check that the estimates 

\r a v^\<c\(f>\ ]a]+m , 

C-^d^K £ \dY^\ < C\dMs (3.2) 

\a\<s 
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are valid for any mult i- indices a, /3 and any non-negative integer s. 

Next we set r = \x\, Uj = Xj/r, d r = Y^j=x u 3^ji anc ^ <^± = d t ±d r . We write 
co = (wj)j=i,2,3- For simplicity of exposition, we also introduce 

D ± = ±^d± = ^(d r ±d t ). 

We summarize several useful inequalities related to T. 

Lemma 3.1. For a smooth function <f> of (t,x) G [0, <x>) x R 3 , we have 

\D + (r<f>(t,x))\<C\<f>(t,x)\ u (3.3) 
\rd t <f>(t,x)+D4r(P(t,x))\<C\<f>(t,x)\ 1 , (3.4) 

and 

\rdj(f)(t,x) - WjD-WfaxW <C7|0(t,x)|i (3.5) 

for j = 1,2,3. 

Proof. (13.31) and (13.41) are direct consequences of the following relations: 

D +^ = 2^TT) {S(f) + Lr(l)) + t 

rd t (j) — ~ D-{t4>) + D + (r(j>), 
where L r = rd t + td r = Y^j=% (13-51) follows just from 

3 

r(dj - ojjd r )(f) = ^2 Uk^kj^ (3.6) 
k=i 

and 

rd r (fi = D_(r0) + D + {r<p) — (ft, 

if we use (I3.3P to estimate D + <fi. □ 

Lemma 3.2. For a smooth function <fi of (t,x) G [0, oo) x M. 3 and a non- 
negative integer s, we have 

\d<f>(t,x)\ s < C(t - Ixl}- 1 ^^)^. 
This lemma is due to Lindblad [19] , which comes from the identities 

(t-r)d t <j>=-l—(tS-rL r )<l>, 
t + r 

(t - r)d r (j) = (tL r - rS) 0, 

and tQkj(p = XkLjcj) — XjLk(p, as well as (I3.6P (see [19] for the detail of the 
proof). 

We close this section with the following decay estimate for solutions to in- 
homogeneous wave equations. 
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Lemma 3.3 (Hormander's L 1 -^ 00 estimate). Let be a smooth solution to 

□0 = G, (t, x) G (0, T) x R 3 
with (j)(0,x) = dt<p(0,x) = 0. It holds that 

(t + \x\}\<f>(t,x)\<Cj2 fw^Gir,-)]]^)^ 

\a\<2 J ° {T) 

for < t < T. Here the constant C is independent ofT. 

See [7] for the proof (see also Lemma 6.6.8 of [8], or Section 2.1 of [23]). 

Remark 3.1. Various kinds of decay estimates for homogeneous wave equations 
are also available. Here we only mention the following one that is a simple 
corollary to Lemma [3.31 via the cut-off argument (see [21] for the proof): For 
R > 0, there is a positive constant C R such that we have 

{t+\x\)\4>{t,x)\<C R \\d(j>{Q)\\2 

for a smooth solution □</>(£, x) = for (t, x) G (0, oo) x IR 3 , provided that 
<f)(0,x) — (d t <f>)(0,x) — for \x\ > R. 

4. The profile equation 

Let < T < oo, and let u be the solution to flUTJ-flO} on [0, T) x M 3 . We 
suppose that 

supp / U supp g C B R (4.1) 

for some R > 0, where Bm = {x G M 3 ; |x| < M} for M > 0. Then, from the 
finite propagation property, we have 

supp C\B t+R , 0<t<T. (4.2) 
Now we put r = \x\, u = (cj%, cj 2 , W3) = and set 

so that 

rD0 = d + d^{r<P) - ^A §2 0. (4.3) 

We define U = (U u . . . , U N ) T by 

U(t, x) := D_ (ra(t, x)) , (t, x) G [0, T) x (IR 3 \ {0}) (4.4) 

for the solution u of (11. ip . In view of (13. 4p and ( 13.51) . the asymptotic profiles 
as t — > 00 of 9 4 m and V x u should be given by —Ujr and uU/r, respectively, 
because we can expect \u(t, x)\i — > as t — > 00. Also it follows from ( 14 .3p that 

d+U(t,x) = -±-F™ d (u,U(t,x))+H(t,x), (4.5) 
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where F red = F red (u, Y) is defined by (11. 5p . and H = H(t, x) is given by 



H = - - ( rF(du) - -F re >, U) \ - -A S 2U. (4.6) 



As we will see in Lemma 14.11 below, H can be regarded as a remainder. For 
these reasons, we call (14. 5 j) the profile equation associated with (II. ip . which 
plays an important role in our analysis. Observe that the reduced system 
(11. 8p is obtained by neglecting H and changing variables in ( 14. 5 p (see (I5.19P 
below) . 

We also need an analogous equation for T a u with a multi-index a. For this 
purpose, we put 

U^(t, x) = (U[ a \t, x),..., UP(t, x)) T := D. (rT a u(t, x)). (4.7) 
Since a(T a u) = f a {F(du)), we deduce from that 

d+U^ = ~G a (u, U, U&) + H a (4.8) 
for |a| > 1, where G a = {G a j)J < j <N is given by 

QF ied 



k=l 
N 



£ £ cf ^ (u k U^ + TJV>U) (4.9) 

k,l=l a,b=0 

with the constants cf' ah appeared in (II .3p . and H a is given by 

H a {t,x) = - l - (rf a F(du) - - t G a (lu,U,U^)) - ^A s2 T a u. (4.10) 

In the rest part of this section, we focus on preliminary estimates for H and 
H a in terms of the solution u near the light cone. To be more specific, we put 

\ TR ■= {(t, x) G [0, T) x M 3 ; 1 < t/2 < \x\ < t + R}. 

Note that we have 

(1 + t + Ixl)- 1 < Ixl" 1 < 2T 1 < 3(1 + t)- 1 < 3(R + 2)(1 + t + Ix])- 1 

for (t, x) G A T R . In other words, the weights (t + (1 + t) _1 , and 

t~ x are equivalent to each other in ,_r. For a non-negative integer s, we also 
introduce an auxiliary notation | • by 

m,x)\ ls := \d4>(t,x)\ s + (t+ |:r|)-V(M)Ui- (4.11) 

Lemma 4.1. P^e have 

\H(t,x)\ <C(| M (t,x)| tt , |M(t,a;)|i + t"V(t,x)| 2 ) , 
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for (t,x) G At,r- Here the constant C is independent ofT. Also, in the case 
of s > 1, we have 

\H a (t,x)\ <C s (\u\ itS \u\ s+1 + tldull^ + t _1 |w| s+2 ) 

\a\=s 

for (t, x) G Ax t R, where C s is a positive constant which does not depend on T . 
Proof. Let (t,x) = (t,ru) G At,r and |a| = s > 0. First we note that 



\U {a \t,x)\ < r\D.T a u\ + i|r Q w| 



< Cr(\du\ s + r _1 |u|») < Ct\u(t,x)\ ls (4.12) 
by the definition of | • \^ s , and that 

(t - r)\U^(t,x)\ < Ct f{t - r)\du{t,x)\ s + ^-^\ u {t,x)l 

<Ct\u(t,x)\ s+1 (4.13) 



by Lemma [3.21 

Now we consider the estimate for H. We decompose it as follows: 

H = ~ {r 2 F{du) - U)) - tzZ f«*{ u , U) - ^u. 

It is easy to see that the third term can be dominated by Ct~ x \u\2. As for the 
second term, we have 

J^l|F red (o;^)l ^Cr'it-r^Ul-r'lUl <C7MaM|t,o, 

because of (I4.12p and (I4.13P with s = 0. To estimate the first term, noting 
that (E3D and imply 

\{rd a u k ){rd b ui) - (u a U k )(u b Ui)\ <\rd a u k - co a U k \ \rd b ui \ + \u a U k \ \rd b ui - u b Ui\ 

<C{r\du\ + |C/|)|w|i 
with uo = —1, and that fll.3p yields 

N 3 

r'F^du) - F^(u, U) = J2I2 ^ ((rd a u k )(rd bUl ) - (uJJjfaUi)) , 

k,l=l a,b=Q 

we obtain 

— \r 2 F(du) -F vcd (u,U)\ < C(\du\ +r' 1 \U\)\u\ 1 < C\u\ t Mi 
2r 

with the help of (Q21) . 

Next we turn to the estimate for H a with \a\ = s > 1. For this purpose, we 
set F a = {F ajj )J^ N with 

N 3 

F«J =EE cf ab {{d a u k ){Y a d bUl ) + (T a d a u k )(d bUl )) 

k,l=l a,b=0 
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to split H a into the following form: 

H a = - r - (f«F(du) -F«)~Y r if** - G «) ~ G * ~ Y r A ^° u - 

Since the first term consists of a linear combination of the terms in the form 
r^daUk^dtUt) with \(3\, \j\ < s-1, k,l e {1, . . . , N}, and a, b e {0,1,2,3}, 
it can be estimated by Ct\du\ 2 s _ v Other terms can be treated in the same way 
as in the previous case. □ 

5. Proof of Theorem 12.11 

Let u(t,x) be a smooth solution to (1 1 . 1 j) f TTT2T) on [0,T ) x M 3 with some 
T e (0, oo]. For < T < T , we put 



e[u](T)= sup [(t+\x\)(t-\x\) 1 -' i \du(t,x)\ 

+ (t + \x\y-»(t-\x\) i -»\du(t,x)\ k ) ) 

with some /x, v > and a positive integer k. We also put 

efd(0) = lim e[u](T). 

Observe that there is a positive constant E\ such that < e < S\ implies 
e[w](0) < y/e/2, because we have e[n](0) = 0(e). 

The main step toward global existence is to show the following. 

Proposition 5.1 (A priori estimate). Let k > 3, < fi < 1/2, and < 
4(fc + 1)^ < H- There exist positive constants Ei and m, which depend only on 
k, fi and v, such that 

e[u}(T)<^ (5.1) 

implies 

e[u](T) < me, (5.2) 
provided that < e < e 2 and < T < T . 

Once the above proposition is obtained, we can show the small data global 
existence for f ll.ip - fll.2p by the so-called continuity argument: Let T* be the 
lifespan of the classical solution for fll.ip - fll.2p and assume T* < oo. Then, it 
follows from the standard blow-up criterion (see e.g., [25]) that 

4 J™_ l|d«(V)|U~(M3) = oo. (5.3) 

On the other hand, by setting 

T* = sup {T G [0,T*) ; e[u]{T) < y^} , 



we can see that Proposition ^. ll vields T* = T*, provided that e is small enough. 
Indeed, if T* < T*, then we have e[w](T*) < y/e, and Proposition 15.11 implies 
that 

e[it](T*) <me< — 



14 S. KATAYAMA, T. MATOBA, AND H. SUNAGAWA 

for < e < min{ei, £2, l/4m 2 } (note that we have T* > for e < Ei). Then, 
by the continuity of [0,T*)9T4 e[u](T), we can take 5 > such that 

e[u](% + 5) < y/£, 

which contradicts the definition of T*, and we conclude that T* = T*. 
In particular, we have 

e[«]Cr)<Ve. 

This implies that ( 15. 3 p never occurs for small e. In other words, we must have 
T* = oo, that is, the solution u exists globally for small data. We also note 
that 

e[«](oo) < (5.4) 

holds for this global solution u, and Proposition 15.11 again yields 

e[w](oo) < me. (5.5) 

Now we turn to the proof of Proposition 15.11 It will be divided into several 
steps. 

Proof of Proposition I5.il In what follows, we always suppose < t < T. 
Step 1: Rough bounds for \u(t,x)\k+2 and \du(t,x)\k+i- 
First of all, we will establish the following energy estimates: 

\\du(t)\\i <Ce(l + tf*^ +lv (5.6) 

for I G {0, 1, ... ,2k + 1}, where is a positive constant to be fixed later. 

In preparation for the proof of (15.61) . we make some observations: Let < 
I < 2k + l. In what follows we neglect terms including |<9w|/_i or ||<9w||/_i when 
/ = 0. From (13. ip . (13. 2p . and the standard energy inequality, we get 

||0u(f)||, < Cy ^||^(0)|b + ^V(^( T ))IL dT ) > ( 5 - 7 ) 

where Cx,i is a positive constant depending only on I. From (15. ip we have 
\du(t,x)\ < ^{l + t)- 1 and \du{t,x)\ k < y/2e(l + 1)"' 1 , since (t + | | > 1 < 
y/2(l + t)-\ Hence we get 

<C V (\du\ \du\i + |au| [i/2] |9ul,_i) 
<C 2 ,,V2i ((1 + + (i + *r _1 |£H-i) 

with a positive constant C 2j / depending only on Z, which leads to 

^(^(t))!!, < V^C' 2j ,Vi((l + t)- 1 ||au(t)||, + (l + t) ,/ - 1 ||9u(t)|| / _i). (5.8) 

Now we put C* = max <i<2fc+i V^Cx^C^u an d we shall prove (15. 6p by in- 
duction on I. If Z = 0, it follows from (15. 7p and ( 15. 8 p that 

\\du(t)\\ <Ce + C*VI [ (l + T^Wdui^Wodr, 

Jo 

whence the Gronwall lemma implies 

||0u(f)||o<Cfc(l+f) c ^. 
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Next we assume that (15. 6p holds for some I G {0, 1, ... , 2k}. Then it follows 
from ([LID and that 

\\du(t)\\ l+1 <Ce + C*Ji f ((1 + r)- l \\du{r)\\ l+1 + (1 + r)- 1+ " \\du(r) ||,) dr 

Jo 

<Ce + C,y/£ f {l + T)- l \\du{T)\\i +1 dr 
Jo 

+ Cs 3 / 2 [\l + rr 1+c ^ l+1 >dr 
Jo 

<Ce + C my /i [ {l+T)- 1 \\du{T)\\ l+1 dT + Ce 3 / 2 (l + tf*^ + « +1 >, 
Jo 

which yields 

\\du(t)\\ l+1 < Ce(l + t) c *^~ £ + Cs 3,2 (l + t) c *^ l+1 > < Ce(l + t)°*^ + ( l+1 > . 

This means that (15.61) remains true when / is replaced by I + 1, and (15. 6p has 
been proved for all / G {0, 1, ... ,2k + 1}. 

From now on, we assume that e < v 2 jC 2 . Then, since k > 3 and 2(k + l)u < 
fj,/2, it follows from (15. 6p with I = 2k + 1 that 

\\du(t)\\ k+4 < \\du(t)\\ 2k+1 < Ce(t) 2 ^ < Ce(ty/ 2 (5.9) 

and 

\\\F(du(t,-))\ k+4 \\ Ll{R3) < C\\du(t)\\ 2 k+4 < Ce 2 (ty. 
Hence Lemma [3.31 and Remark 13.11 yield 

« \ \\F(du(r))\ kA 
(r) 

<Ce + Ce 2 [ (ry^dr <Ce(t+\x\Y 
Jo 



(t+\x\)\u(t,x)\ k+2 <C R \\du(0)\\ k+i + C I (r) UL dr 



that is, 

\u(t,x)\ k+2 < Ce(t+\x\)- 1+ » (5.10) 
for (t,x) G [0,T) x IR 3 . By Lemma [3.21 we also have 

\du(t,x)\ k+1 < Ce(t+ \x\)- 1+fl {t- {xl}- 1 (5.11) 
for (t,x) G [0,T) x R 3 . 

Step 2: Estimates for \du(t, x)\ k away from the light cone. 

Now we put A C TR := ([0,T) xf 3 )\A t,r, where R is the constant appearing 
in (14. ip . In the case of t/2 < 1 or \x\ < t/2, we see that 

(t-\x\) < (t+\x\) < C(t-\x\). 

On the other hand, it follows from (14. 2p that u(t, x) — if \x\ > t + R. Hence 
(15.111) implies 

sup (t+ \x\)(t- |ar|> 1_A *|9u(*,x)| fc < Ce. (5.12) 
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Step 3: Estimates for \du(t,x)\ near the light cone. 

Let (t,x) G At.r throughout this step. Remember that t~ l , (t)~ l , and 

(t+ are equivalent to each other in At,r- We define U, U^ a \ H, H a and 

| • | tt|S as in Section 1 (see g2D, fjOjl - rtOl .' (14~TU]) . and (OT]l ). We see from 
(T5TTTTT) and flBTTTD that 

\u(t,x)\ lk < Cet^ l (t - la;])- 1 . (5.13) 
By dS2D, dS3D, dS3D, and (IBTTUj) . we have 

t|9u(t,a?)|, <C^| |x|9r a w(t,x)| 

|o|<i 

|f/ (o) (^)l +C^ M ~ 1 (5.14) 

\a\<l 

for I < k. Also, it follows from ( I5.10P , (I5.13p . and Lemma [4. II that 

\H(t,x)\ < C(e 2 t 2 ^ 2 {t- {xl)- 1 + et»- 2 ) < Cet 2 ^ 2 (t - (5.15) 
Next we put 

£ = {(t,ar) G A T ,i?; t/2 = 1 or t/2 = \x\} 

and we define t 0a = max{2, —2a} for a < R. What is important here 
is that the line segment {(t, (t + o)u)\ < t < T} meets £ at the point 
(to,v, (^o,cr + (J ) UJ ) f° r eac h fixed (a, u) G (— oo, R] x § 2 . We also remark that 

C~ x {a) < V < C(o-), a<i?. (5.16) 

When (t,z) G E, we have V < C{t-\x\y. So it follows from (14TT21 and (I5TT3D 
that 

\U (a \t,x)\ < Cet»(t- Ixl)- 1 < Ce(t- (i,i)eE. (5.17) 

|a]<fc 

Now we define 

V(t; a, w) = (^(t; <r, w), ... , V N (t; a, co)) T = U (t, (t + a)u) (5.18) 

for < t < T and (a, iS) G MxS 2 . In what follows, we fix (a, u) G (— oo, R] x § 2 
and write V(t) for V(t; cr, w). Then, since the profile equation ( 14. 5 p is rewritten 

as 

— (t) = (d + U) (t, (t + a)u) = --F Ied (cu, V(t)) + H(t, (t + a)cu) (5.19) 
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for t ,cr < t < T, it follows from the condition (H) that 

f) r)V 
^ (V(tfA(u>)V(t)) = 2V(tfA(u J )^ F (t) 

= 2V(t) T A(u) ^-±-F< cd {u,V(t))+H{t,(t + a)u)^ 

= 2V(t) T A(u)H(t,(t + a)uj) 
<C\V{t)\\H(t,{t + a)u)\ 

< C^/V{t) T A(uj)V{t)\H{t, (t + a)u)\ (5.20) 

for to, a < t < T, where we have used (12. ip to obtain the last line. We also note 
that (15.171) for k = can be interpreted as 

\V(t 0i<7 )\ = \U(t , a ,(t ,a + a)Lo) \ < Ce{oy-\ (5.21) 

From ipHj) . (J5H5D, (15715)1 . (15720]) . and ( 15721)) we get 



|v(t)| < v^v^W^HT 7 ^) 



<c^y(t ,.) T >iMy(v) + ^ 

in 



<c E (( ff r i +{.T)-'^ 1 ) 

< Csia)"- 1 (5.22) 

for i > t 0jCr , where C is independent of e, a, and w. 
(157221 implies 



|tf(t,z)| = |V(t; |x| -t,x/|x|)| < - Ixl)^- 1 , (t,x) e A t ,r. 
Finally, in view of (15.141) with I = 0, we obtain 

sup (t + |z|)(t- Ixiy-^dufax^ < Ce. (5.23) 

We remark that the derivation of (15.201) is the only point where we make use 
of the condition (H) throughout this proof. 

Step 4: Estimates for \du(t,x)\k near the light cone. 

We assume (t, x) G At,r also in this step. For a non-negative integer s, we 
set 

wW(t,*) := J2\U^(t,x)\. 

\P\<s 

Let 1 < |a| < k. By (I57I3|) we get 

|<9u(t, x)| H _x < C (t- 1 !/^!" 1 )^, x) + et"- 2 ) . (5.24) 
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It follows from flBTTOj) . 1Q5]) . flCTjl . and Lemma IO that 

\H a (t,x)\ <C (e 2 t 2fi ~ 2 (t- \x\)- l + et fl - 2 + e 2 t 2f1 - 3 + r l (U {lal - 1) (t,x)y 

<Cef?i'- 2 (t-\x\)-' i + Ct- 1 (uW- 1 \t,x)) 2 . (5.25) 

We put 

V {a \t;a,u) = U {a) (t,(t + a)u) 

for < t < T and (a,u) G (-oo,R] x § 2 . We fix (cr,u) G (-oo,i?] x § 2 and 
write \/^(t) for VW{t] a,u). Then (14. 8 p is rewritten as 

— (t) = --G a (cj, V(t), V^(t)) + H a (t, {t + a)u) 
for t 0jC r <t <T. Hence by fl5T22|) and ( l5T25|) we obtain 
J^(t)| 2 <£|V(f)| |^(t)| 2 + 2\H a (t, (t + a)u)\ \V^(t)\ 

<^!£|^)(t)| 2 + c (et 2 »- 2 {(r)-» + r^v^i- 1 ^)) 2 ) \v {a \t)i 

where 

V«(*)(= V (s) (*;^)) := £ |y<A(f; a,^, 

and C* is a positive constant independent of a. Therefore it follows from (I5.16P 
and (I5TT7P that 

r c ' e \V {a \t)\<t c a ' £ \V {a \t^ a )\+CE{a)-^ T T- c * £+2 »- 2 dT 

+ C f T-°' e - 1 (V^- 1 \T)) 2 dT 

<Ce(ay- x + C f r- c * £ - l (V^- x) {T)) 2 dr. 



To sum up with respect to |ot| < I, we have 

t~ c * £ V {l \t) < Ceia}^ 1 +Cy t r- c * £ - 1 (V (z - 1) (r)) 2 dT 

for / G {1, . . . , k}. Using this inequality, we can show inductively that 

V (I) (t) < Ce{ay-H 2l ~ lc * E (5.26) 
for t ,cr < t < T and / G {1, . . . , k}. Indeed, we already know that 

y(°)(t) = \v(t)\ < Ce(a)^ 1 
by ( I5.22p . Hence we have 

poo 

r c ' e V {l \t) < Ce{aY L - 1 + Ce 2 (a) 2f1 - 2 J r^^dr < Ce(<r)^ 1 , 



SEMILINEAR HYPERBOLIC SYSTEMS VIOLATING THE NULL CONDITION 19 

which implies (15. 26ft for I = 1. Next we suppose that (15.261) is true for some 
I G {1, . . . , k — 1}. Then we have 

which yields (I5.26P with / replaced by / + 1. Hence (I5.26P for I G {1, . . . , k} 
has been proved. 

By (I5TT4D and fl5"^BD with I = k, we have 

\du(t,x)\ k < Ce(t+\x\)- 1+2k - lc * e (t-\x\)- 1+ », (t,x) e At,r- 

Finally we take e < 2 l ~ k i>/C* to obtain 

sup {t+\x\) l - u {t-\x\) l -^\du{t,x)\ k <Ce. (5.27) 

(t,x)sA T ,a 

The final step. 

By (15.121) . (I5.23p . and (15.271) . we see that there exist two positive constants 
62 and m such that (15. 2p holds for < e < £2- This completes the proof of 
Proposition 15.11 □ 

6. ASYMPTOTICS FOR THE SOLUTION TO THE PROFILE EQUATION 

This section is devoted to preliminaries for the proof of Theorem 12.21 We 
assume N = 2 and (12. 2p with c > throughout this section. Let u = 
(mi,M2) t be the global solution to (ll.ip -f lL2|) . whose existence is guaranteed 
by Theorem 12.11 for small e, and let U = (Ux, U2) 1 ' be given by (14.41) . For 
simplicity of exposition, we introduce a complex- valued function 

U c (t,x) := y/c^U^t^x) +icoU 2 (t,x), (6.1) 

where i = y/—l. Then it follows from ( 12. 2 p and (14. 5 p that 

d+U c (t, x) = -^c(w) (Re U c (t, x)) U c (t, x) + H c (t, x) (6.2) 

with H c = ^/cqHi + 1C0H2, where c(uj) is given by (I2.3p . and H = (iJi,i? 2 ) T 
by gS]). 

Let to > 1. Keeping the application to the profile equation (16 .2p in mind, 
we consider the following ordinary differential equation for t > to: 

dz , . §(z(t) ) , . . . , 
t^(t) = ^f^z(t) + J(t), (6.3) 

where $ : C — > R satisfies 

|$(z) - $(w)| < C \z-w\ for z,w e C (6.4) 
with a positive constant Co, and J : [to, 00) — > C satisfies 

< ^o*" 1 ^ (6.5) 



\z(t) - p(\ogt)\ < rxo - — ° : , - ^ TTT7T , t>t , (6.6) 



;'~(s) = <S>(p(s))p(s), s>\ogt . (6.7) 
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with positive constants Eq and A. The important structure here is that $ is 
real- valued. Concerning the asymptotics for the solution z(t) of f l6.3|) . we have 
the following lemma. 

Lemma 6.1. Let z(t) be the global solution of (16. 5J) , and suppose 

C (E t x + \z(t )\\)<\ 2 . 
Then there is a C 1 -function p = p(s) on [log to ) oo) such that we have 

E X 

and 

A 

ds 

To prove Lemma we introduce some sequences. For the solution z(t) of 
06.31) . we define sequences {z n (t)}™ =0 , {Q n (t)}^ =0 , and {( n }™ =0 in the following 
way: We set z (t) = z(t), and inductively define 

Q n (t) = / $(z„(r)) — , t>t , (6.8) 

J to T 

C n = lim z n (r)e l@ ^ T \ (6.9) 

z n+ i{t) =C n e- l@n{t \ t > t (6.10) 

for n G N , where No denotes the set of non- negative integers. In order to 
see that this definition works well, we have only to check the convergence of 
lim^oo z n (r)e %@n ( T > for each n. 

Lemma 6.2. The above sequences {2 n (t)}^L 0; {6 n (t)}^ > an< ^ {Cn}^o are 
well-defined. Moreover we have 



C« = (s(*o)-i / J{r)e^d 



IT 



to 



and 



for n G N 



exp (i J™ mz n (r)) -$(^ (r))}^ (6.11) 



k„+i(t) - z n (t)| < I ^ ) (6.12) 



Proof. We prove Lemma 16.21 by the induction on n. 

First we consider the case of n = 0. Since zq = z, it follows from (16. 3p that 

(z Q {ty e °®)' = -u{ty e ^\ 

which yields 

z (t)e ie ° {t) = z(t )-i [ J(r)e l0o(T W. 

Jt 
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This shows that Zo( r ) e * e ° ( ' T ' ) converges as r — > oo, and that (I6.1ip holds for 
n = 0, because (JSSJ implies J(-)e ieo( - } G L 1 ^, oo). As for f lQ2|) with n = 0, 
we have 



( Zl (t) - z o (i))e i0oW = Co - z o (*)e i0o(t) = -% \ J(r)e J0o(r) dr 



whence 



\ Zl (t) - z Q (t)\ < I \J(r)\dr<^. 



Note that by (16. 5j) we have 



ICo 



z(t ) - i / J(r)e i6o(T) rfr 



to 



(6.13) 



Next we consider the case of n = no + 1 under the assumption that ( n 
for n < n are well-defined (thus z n (t) and 0„,(t) for n < n + 1 are also 
well-defined), and that (16.111) and (16.121) are true for n < n . We set K = 
C (E tQ X + |z(t )|A)/A 2 . By (El and fl6TT2|) for n = n , we get 



|$(<Wu(*)) - Hzno(t)) \ < C \z no+1 (t) - z no (t) \ < 



CqEq 



A 



nit 



(6.14) 



We put 



r°° dr 
9 m = / ($(^ 0+1 (r)) - ®(z no (T))} — , 

Jt T 



which has a finite value because of (I6.14p . It also follows from (I6.14p that 

dr 



/oo 
|$(Zno+l(T)) -$(z nQ (T)) 



< 



■K r 



(6.15) 



Now we obtain from (16.101) for n = no and (16.151) that 

C„ +i = lim (z no+1 (T)e i0 "° +l{r) ) = C exp (i lim (6 no+1 (r) - 9 no (r))) 

— C P i6n 

which immediately leads to ( 16.1 ip for n = n^ + 1 if we replace ( no by the 
right-hand side of (16. lip for n = n . Since |£ n J = |Co|, it follows from (I6.10p . 
(16TT3D . and (16TT5|) that 

\z no+2 (t) - z no+1 (t)\ = |C„ o e^o e -0"o +1 W _ Cno e- l0 "oW| 

< |Cn ||#no - 6 no+ i(t) + 0noW| 



< (j*(*o)| + 
At A ' 



-En \ CqEq 



A 2 t A 



A" 



no 



which is (I6.12p for n = n + 1. This completes the proof. 



□ 
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Now we are in a position to prove Lemma 16.11 

Proof of Lemma IBTTl Since z is continuous on [t ,oo), it follows from ( 16. 8 p 
and (16.1 Op that each z n is also continuous on [t , oo). We put K = C (E tQ X + 
|;?(to)|A)/A 2 as before. Then we have < K < 1 from the assumption. By 
f)6.12p we can easily show that {z n (-)}^ =0 is a uniform Cauchy sequence on 
[to, oo), and {^n(-)}^=o converges uniformly on [to, oo) as n — )■ oo. Hence if we 
put 

p(s) := lim z n (e s ), s > \ogt , 

n— >oo 

p is continuous on [logt ,oo). Since we have p(logt) = lim^oo z n {t) and 
< K < 1, it follows from <KT2\i that 

\z(t) -p(\ogt)\ = lim \z (t) - z n (t)\ 



n— »oo 

oo oo 



n=0 n=Q 



which is (16. 6p . 

To show (16.71) . we set 

ft a r\ogt 

Qoo(t)= / $( J5 (logr))-= / Hp(a))da, 

J to T "'log to 

which is well-defined because the integrands are continuous functions. Then 
it follows that 

rt At 



\&oo(t) ~ e n (t)| < / Cob(logr) - z n (r 



Jt o j=n 

< C E K n 



whence lim^oo O n (t) = 0oo(£)- Similarly we can show 

r°° dr r°° dr 

lim / {*Wt))-*Wt))}I= {$(p(logr))-$(, (r))}- 

n ^°° J t ' "'to 

which implies that converges as n — )■ oo with the help of (16. lip (note that 
(16.61) shows the existence of the integral on the right-hand side of the identity 
above). Thus, by setting = lim^oo ( n , we have 

p{s) = lim Cn-ie- J0 - l(eS) = Cooe- J0 °° (eS) = Cooexp ( -i f $(p(a))da) . 

By differentiation, we see that p(s) solves the desired equation (16. 7p . □ 



In the remaining part of this section, we will apply Lemma I6TT1 to the profile 
equation (16.21) . We put 

V c (t;a,u) = U c (t, (t + o» (6.16) 



SEMILINEAR HYPERBOLIC SYSTEMS VIOLATING THE NULL CONDITION 23 

for (o~,uj) 6 lx§ 2 and t > max{0, — cr}. Note that we have V c (t;a, uj) = 
y/coVi(t; cr, uj) + icoV2(t; cr, uj), where V = (V\, V2) T is given by (I5.18p . Let R be 
the constant appearing in (14. ip . It follows from ( 16. 2 p that V c (t;a, uj) satisfies 

c(uj) RelVJt; a, uj) ) , . , . , N 

id t V c (t;a,uj) = V 2t V JJ V c (t;a,u)+tH c (t,(t + a)u) (6.17) 

for t > io.o- an d a < R. Note that all the estimates obtained in the proof of 
Proposition 15.11 are valid with T = oo, because we have already shown that 
(15.41) is valid. On the other hand, for a > R, we have 

lim V c (t; a, uj) = lim = 

t— >oo t— >oo 

because of the finite propagation property (14. 2p . 

As an application of Lemma 16.11 we have the following. 

Corollary 6.3. Lets be sufficiently small. Suppose that c{uS) ^0 onE> 2 . Then 
lim^oo V c (t; a, uj) exists for each (a, uj) G M x S 2 . If we put 

V^. + (cr, uj) := lim V c (t; cr, uj) 

t— >oo 

for each (o~,uj) 6lx E> 2 , then we have 

ReV c + (a,u) = (6.18) 
for almost all (a,oo) G M x S 2 . Moreover we have G L 2 (IR x S 2 ) and 

lim / \ X t(o-)V c (t;a,uj)-V c + (a,uj)\ 2 dadS UJ = 0, (6.19) 
where Xt{°~) — 1 / or cr > —t, and Xt{o~) — for a < —t. 

Proof. First we show the convergence of V c (t; cr,u) as t — )• oo, and (I6.18p . We 
have only to consider the case a < R, because the opposite case is trivial. By 
(15.151) and (15.211) . we can apply Lemma ISTTI to (I6.17P with z(t) = V c (t;a,u), 
$(z) = c(u)(Rez)/2, J(t) = iH c (t, (t + a)u), and t = t 0a , provided that e is 
small enough, because we have 

L7 (£ t A + Kt )|A)<L7 l£ <A 2 

for < e < \ 2 /C\, where we have taken Co = max wg §2 c(u)/2, E = Ce(o-)~' 1 , 
and A = 1 — 2/^, while C\ is an appropriate positive constant independent of 
a and uj. It follows from Lemma [6. II that for any (cr, uj) G (—oo, R] x § 2 , there 
is p(s) satisfying 

.dp c(u)Re(p(s)) 
l dS {s) = 2 P{S) 

and 

lim \V c (t;a,u)-p(\ogt)\ = 0. 

t— >oo 

So it is enough to show that p(s) converges as s — > oo, and that Rep(s) — > 
as s — > oo for almost all (o~,u) G (—oo,R] x S 2 . If c(u) = 0, then p(s) is 
independent of s and the convergence of p(s) as s — > oo is trivial. Since c(u>) 
is a polynomial of degree 2 in uj, the set of (cr, uj) G 1R x § 2 with c(w) = has 
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measure zero unless c(u) vanishes identically on § 2 . Hence we may assume 
c{uj) 7^ from now on, and we are going to show that p(s) converges to a pure 
imaginary number as s — > oo. For this purpose, we set X(s) = Rep(s)/2, 
Y(s) = Imp(s)/2 to rewrite the above equation as 

HX rJY 

— (a) = c(uj)X(s)Y(s), —(s) = -c( W )I( S ) 2 . (6.20) 
We observe that 

+ y W »)=o, 

which implies that X(s) 2 + Y(s) 2 is independent of s. We denote this conserved 
quantity by p 2 , where p > 0. The case p = is trivial, because we have 
X(s) = Y(s) = 0. Hence we assume p > from now on. From the second 
equation of (I6.20p we have 

d ^{s) = c{u) (Y{sf-p 2 ). 

This can be explicitly integrated as 

(p + ri)e- c( -^ ps - (p - r])e c ^ s 
^ ~ P (p + r])e- c ^P s + (p - r])e c( -^P s 

with some real constant rj satisfying \r)\ < p. We can also see that 



(p + n)e- c{ -^P s + (p - J|)e c ( w )^ 

with some real constant £ satisfying £ 2 + r/ 2 = p 2 . If £ = 0, then we have 
-AT(s) = 0, and Y(s) = ±p. If £ ^ 0, then r/ 2 < p 2 . Especially we have 
p ± rj 7^ 0, and we get 

2p£e _ ' c( ^' ps 

lim X(s) = lim - — ■ — - — — ^- = 0, 

s-^oo v ' s^oo (p ± rj)e~ 2 \ c( ^>\P s + (p =f V) 

±((p±ri)e- 2 \«»)\P*-(p^ri)) 
am Y (s) =p am — ) — -. , ; — = =pp. 

s^oo v ' ' s^oo (p ± rf)e~ 2 \ c ^>\ ps _j_ qp ^ 

where the double sign depends on the signature of c(u;). Now the existence of 
lirn^oo V c (t; a, u) and (16 . 1 8[) have been established. 
It follows from ([53]) and f lBTTOj) that 

|[/ c (t,ru/)| < <7|E/(t,rw)| = C \D_ (ru(t, rw)) | < C£(t-r)- 1+Al 

for any (t, r, w) G [0, oo) x (0, oo) x § 2 . Since V c (t; a, u) = U c (t, (t + o)u\ we 
obtain 

\V c (t;a,uj)\ <Ce{a}- 1+p (6.21) 

for (ct,oj) 6lx§ 2 and t > max{0, — a}. Hence, by taking the limit of this 
inequality as t — > oo, we have 

\V+(<t,w)\ < Ce(a)' 1+fi , (a,u) GlxS 2 , 
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which shows G L 2 (R x § 2 ) since /x < 1/2. Furthermore we have 

\ Xt (a)V c (t;a,u) - V c >,u;)| 2 < Ce 2 (a)- 2 ^ G L\R x § 2 ) 

for £ > 0. Now, since lim^oo |xt(cr) V^(t; a, a;) — V^. + (cr, w)| 2 = for each (a, w) G 
R x S> 2 , Lebesgue's convergence theorem implies (I6.19p . This completes the 
proof. □ 

7. Proof of Theorem 12.21 
In the following, we write 

U)(x) = (WaW)^!^ = (-i^i/M^/M^s/M) 



for x G R \ {0}. For the proof of Theorem 12. 2\ we will use the following 
lemma: 

Lemma 7.1. Let (p E C ([0, oo); if 1 (R 3 )) fl C 1 ([0, oo); L 2 (R 3 )) . The following 
assertions (i) and (ii) are equivalent: 

(i) T/iere e:nste , <f>f ) G H (R 3 ) = H l (R 3 ) x L 2 (R 3 ) suc/j that 

Km ||0(t)-0 + (t)|| B = O, 

t— >oo 

w/iere 0+ G C([0, oo); if^R 3 )) n C 1 ([0, oo); L 2 (R 3 )) is the unique solution to 
□0+ = with (0+,d t 0+)(O) = (0 O + ,0|). 

(ii) There zs a function P = P(cr,u) G L 2 (R x § 2 ) such that 

lim ||^(t,-)-w(-)P S (^-)||L 2( R3) = 0, 

where P^ is given by 

P\t,x) = ^-P(\x\-tAx\- l x), x^0. 
\x\ 

See [11] for the proof (see also [10], where the above result was implicitly 
proved). We note that (0o~,0i") and P above are related by P = T[</>q,</>i], 
where T[(j>Q , 4>t] is the so-called translation representation of (<f>o,4>x) intro- 
duced by Lax-Phillips [T7J Chapter IV]. More precisely, T is an isometric 
isomorphism from % (R 3 ) to L 2 (R x § 2 ) which can be represented as 

T[(f>o,(f>i}(a,u) = —(-d a K[<l>o](a,u)+K[<l> 1 ](<T,u>)), (a,u) GRx § 2 , 

47T 

for (0o, 0i) G C£°(R 3 ) x C7£°(R 3 ), where K[ip) is the Radon transform of ip, 
given by 

K[iI>](<t 1 u)= I ^{y)dS y 

J y-uj=a 

with the surface element dS y on the plane {y G R 3 ; y ■ u = a}. 

Proof of Theorem \2.2[ Let u = (ui,U2) T be the global solution to (ll.ip - (11.2p 
with for small e, and U = (Ux, U 2 ) T and V = {V 1 , V 2 ) T be given by ( Oj) 
and (j5.18p . respectively. Suppose that c > and c(u>) ^ on § 2 . Recall that 
all the estimates in the proof of Proposition 15 . 1 1 are valid in our present setting. 
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As in the previous section, we define U c = U c (t,x) by (16. ip . and V c = 
V c (t;a,cu) by (16.161) . We write V+(a, co) = lim^oo V c (t; a, u>) whose existence 
is guaranteed by Corollary 16.31 If we put 

Vf(a,u) = c 1/2 ReV c + (a,w) and V 2 + (a,co) =c 1 Im V+(a, u), 

then Corollary 16.31 implies that V^ r {a, uS) = almost everywhere and V 2 + G 
L 2 (R x §> 2 ). Hence, if we can prove 

2 

lim V \\d Uj (t, •) - Q(-)V;>% 011^8) = 0, (7.1) 

3=1 

then we obtain (I2.6P immediately, and also (12. 7p with the help of Lemma 17. H 
where 

V+ A (t,x) := r^Vfdxl -t, Ixl^x), x^O 
J \x\ J 

for j = 1,2. We define 

?J / (/ \ rdUj ( t,TUJ ^ ~ ^( rw ) V J'( t ' r _ ^,w)| 2 c/r^ dS L 

It follows from 1EH]1 . (153)1 . and (15U0|) that 

/» / /»oo \ POO 

Ji(t) 2 <C / | M (t,rw)| 2 dr )dS UJ < Ce 2 \ (t + r) 2 ^ 2 dr 
Js 2 \Jo J Jo 

<Ce 2 {t) 2lx - 1 
as t — > oo. Therefore (17. ip follows from 

lim J 2 (t) = 0, (7.2) 

t— >oo 

because we have Ylj=i \\^ u j(^) ~ ^^ + '"(^)IU 2 — ^iCO + J?,{P). In order to prove 
(17.21) . we introduce 

v+'Ht, x) = Ak + (M - 1, \x\- x x), x^O. 

\x\ 

Let 

1/2 

J 3 (t)=lJ \uj(ruj)V c (t- ir -t,uj)-r€j(ruj)V+>\t,ruj)\ 2 dr\dS u 
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By (16U9]) we get 

Utf =2 (J \V c (t- r-t,u)- V c + (r - t, u)\ 2 dr^j dS w 

\ X t(cr)V c (t; a, u) - V+(a, u)\ 2 da dS^ 



<2 / / \xt((T)V c (t;a,u) - V+(a,u)\'da ) dS u ^ 
Js 2 \Jr J 

as t — > oo, because Xt( cr ) = 1 for a > —t. Since J 2 (t) < CJ 3 (t), we obtain 
(17. 2p immediately. 

It remains to prove (12. 8p . We set 

\\u(t)\\l := c^\\ Ul (t)\\ 2 E + \\Mt)\\ 2 E 
for u = (ui,u 2 ) T . By the standard argument of the energy, we have 

^ (IK*) |||)=/ Fl ^ t,X) \ u 1 (t,x)dx+ f F 2 (du(t,x))d t u 2 (t^)dx. 

Let R be the constant appearing in (14.1 1) , and we put A^r = {(£, x) G [0, oo) x 
R 3 ;l <t/2< \x\ <t + R}. We put x{t,x) = 1 if (t,x) £ A^r, and =0 
otherwise. Since (l — x(t, x))\du(t, x)\ < Ce^ + r)^ 2 by (15.51) . it follows from 
(1531) that 

2 /• 

V / (l-x(t,x)) li^j (du(t, x)) (dtUj)(t, x) I <ix <Cs(l + t) M_2 1| \\ 2 L 2 

<CE 2 (l+tf^- 2 \\u(t)\\ E 

for sufficiently small e. For (t, x) G Aoo^, we obtain from (13.41) and (13.51) that 
\d a u(t, x) — uj a D_u(t, x)\ < C(t + r) _1 |M(t, x)\i, 

which leads to 

KdaU^idbU^idtUj) + u a u b {D„u k ){D-Ui)(D-Uj)\ <C(t + r)~ l \u\i\du\ 2 

<Ce(l + ty- 2 \du\ 2 
with the help of (15.101) . As an immediate consequence, we obtain 

(d t ui) + F 2 (du)(d t u 2 ) = {D-Ui) 

Co c 

- F 2 red (w, D-u)(D-U 2 ) + 0(e(l + ty- 2 \3u\ 2 ) 
=0(e(l + ty- 2 \du\ 2 ) 
for (t, x) G A T)Rl because of the structure (12. 2p . Therefore we get 
F 1 {du) 



Co 



-{d t u x )+F 2 {du){d t u 2 ) 



dx <Ce(l + tf- 2 \\du{t)\\ 2 L2 
<Ce 2 {l + t)^- 2 \\u{t)\\z 
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provided that e is small enough. To sum up, we obtain 

<Ce 2 (l + tY 3 ^- 2 \\u(t)\\ E , 
which yields 

POO 

|N*)lb-N°)b| <Ce 2 / (l + rf^- 2 dT < Ce 2 . 

Jo 

Since we have Wu^ (*)|U = 11^(0) Us, it follows that 

I No) lb - IK(o)IU| < | No) \\u(t)\\ s \ + |N*) lb - IK(*)IU| 

<C(e 2 + || Ml (t)|| s +|| M2 (t)- M2 + (t)|U). 

By (12.61) and (12.71) . taking the limit as t — > oo in the inequality above, we 
obtain 

\\H0)\\E-him E \ <Ce 2 , 
which immediately yields (12.81) . This completes the proof. □ 

8. Asymptotic behavior for general two-component systems 

under the condition (h) 

In this section, we discuss the asymptotic behavior for general two-component 
systems which are not necessarily of the form (12.21) . If the condition (H) is sat- 
isfied with some A(u), then the condition (H) with A{u) replaced by h{u)A{uj) 
remains valid for an arbitrary continuous function h on § 2 with positive val- 
ues. Therefore, without loss of generality, we may assume that A(co) has 1 and 
cq(cu) as its eigenvalues, where Co is a positive and continuous function on § 2 . 
Then we can take an orthogonal matrix V(u) such that 

Since the condition (H) yields 

< P M y '» T (j c L)) P(lj)F '° d(lJ ' K)= °' 
we see that V{u)F rcA (u,V(oj) t Y^ is perpendicular to (Yi, co(u;)i' 2 ) T for all 

Y = (Y"i,Y" 2 ) T £ M 2 , by substituting Y = V(co) T Y. Accordingly, we deduce 
that 

V{u)F- A (c,P(u;) T r) = (^(u;)?! + c 2 (u,)y 2 ) (~ C ^) Y A (81) 

with some C\{uj) and c 2 (w). Here c\ and c 2 are bounded functions on S 2 . In 
fact, substituting Y = (1,0) T in (18.11) . we find that 

< max \F red (r],Y)\, uG§ 2 , 



^(11^)111) 



V(oo)F ved [u } V(uj) l Y 
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and a similar estimate for c 2 can be obtained by choosing Y = (0, 1) T . It is 
easy to see that the null condition is satisfied if and only if c\(u) 2 + C2(a;) 2 = 
for all u G § 2 . Moreover, the set of 00 G § 2 with ci(u) 2 + c 2 (u) 2 = is 
of surface measure zero when the null condition is violated. Indeed, for oj 
satisfying c^u) 2 + c 2 {u) 2 = 0, we find F red (u, V{u) T Y) = for all Y G R 2 , 
and hence F red (u, Y) = for all Y G M 2 ; if the null condition is violated, then 
the set of such uj has surface measure zero, since the coefficients of YkYi with 
k, I G {1,2} in F red (u, Y) are polynomials of degree 2 in u. 

Suppose that the condition (H) is satisfied, but the null condition is violated. 
Let u = (ui,u 2 ) T be the global solution to lOjl - fO]) . Let U = (U u U 2 ) T and 
V = (Vi, V 2 ) T be given by f)4.4p and ( 15. 18j) . respectively. We put 

V(t;(T,u) = (V 1 (t;a,u}),V 2 (t;a,u)) T = V(u)V(t;a,u), 

and 



V c (t; a, u) =y/co(u)Vi(t; a, u) + ic (uj)V 2 (t; a, u) = C(u) T V(t; a, uj) 

with C(u) = (y/co(u), ic (u)y. Multiplying (KWf by C(u) T V(co) from the 
left, and using (18. ip . we get 

d t V c (t) = - i-C(u;) T P(u;)F red (uj, V{u) T V(t)) + H c (t, (t + a)u) 

= - % -*{V e (t))V e (t) + H c (t, (t + a)u), (8.2) 

where H c (t,x) = C{\x\~ 1 x) T V{\x\~ 1 x)H(t, x) and 

*(:): - [c 1 (uj)(Rez) + ^^=(Imz) 

V c o\. u ) 



In view of Lemma I6.1[ we need to solve 

if s (s) = *(p(s))p(s) (8.3) 

in order to specify the asymptotic profile of V c (t;a,u) for fixed (a, uj). As is 
done in Section O we introduce 

'X(s)\ = I ( a/c (w)ci(w) c 2 (uj) \ fRep(s] 

so that we can reduce (18.31) to the simpler system 

^( s ) = -X(s)Y(s), ^( s )=X(s) 2 . 
as as 

Now going similar lines to the proof of Corollary 16.31 we see that 



lim V c {t; a, u) = V+(a, uj) (8.4) 

t— >oo 
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for almost every (er, u) G K x 8 2 , where 

2^/c (uj) (c 2 (uj) - iy/co(u)ci(u) 



c (o;)ci(a;) 2 + c 2 (w) 2 

with some function p = p(cr,u>) when Ciiu) 2 + c 2 (w) 2 7^ 0. Since we have 
\V c (t; <t,u)\ < Ce(a)- 1+ ^ as in flOTj) . we can prove V c + G L 2 (R x § 2 ) and 

~ ~ 2 



lim 

t— >oo 



as before. Now, we put 



V + (a,io) 



V+(a,co] 
V+(a,co] 



dadS u , = 



5.5) 



/ A/c (o;)JleV; + (a,w; 



2p(a,u) 



c (co) \ ImV^ (a, lo 
c 2 (o;) 



K+(a, W ) 



c (w)ci(w) 2 + c 2 (w) 2 V- C i( w ) 



V(oj) T V + (a,u) 
V(cof 



2p(a,u) 



Co(w)ci(u) 2 + c 2 (w) 2 ' v ~ y V-^^' 
Then, recalling that P(w) is an orthogonal matrix, we have 

J (J \V(t;r-t,co)-rV + '\t,ruj)\ 2 dr^dS u 



(8.6) 



< C 



V(t;r -t,u) -rV +A (t,ru) drjdS w 

~ ~ 2 

Yi(cr)K(t; cr, w) - V c + (er, w) dcrc^ -> 



as t — > 00, where V + '$ and ^ + '" are defined from V + and V + as before. Finally, 
noting that ( 18. 6 p implies ci(u)V^~(a,u) + c 2 (o;)V^ + ((T, w) = with 



c 2 (w) 
-ci(cu) 



C2(o;) 
-ci(u/ 



we can modify the proof of Theorem 12.21 to obtain the following: 

Theorem 8.1. Suppose that N = 2 and the condition (H) is satisfied, but the 
null condition is violated. Let e be sufficiently small, and u = (wi,w 2 ) T be the 
global solution to (II. II) - (II. 2p . Then there is (fj~,gt) G "H (^ 3 ) such that 



lim — ul 



t—>co 



0, J = 1,2, 



where uf is the solution to the free wave equation Dut = with initial data 
(u1f,dtu1f)(0) = (fj~,gt). Moreover, there are bounded functions c\ 



cilo;) 



and c 2 = 02(00) of u G S> 2 such that (ci(u), c 2 (w)) ^ (0,0) and 
Ci(w)7T/ 1 +, gt](a, u) + c 2 (oj)T[f+, g+](a, u) = 
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for almost all (ex, a;) 6 1 x § 2 , where T is the translation representation. Here 
c\ and C2 depend only on the coefficients of the nonlinearity F . 

Remark 8.1. The result of Theorem 12.21 corresponds to the case where C\{uf) 
I and CziiS) = in Theorem 18.11 

We conclude this paper with the following remark: From Theorem I8.1[ we 
see that the global solution for small data to a two-component system satisfy- 
ing the condition (H) and violating the null condition is asymptotically free, 
but there is a strong relationship (18.71) between the asymptotic profiles for the 
components U\ and u 2 - This is the special feature of the condition (H) with 
N = 2. Since the solution for (11.121) is not always asymptotically free, Theo- 
rem [STT] cannot be extended to the case N > 3 directly; there might be a wider 
variety of asymptotic behavior. 
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